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Abstract. The unfolding transformation has been widely used in many
declarative frameworks for improving the efficiency and scalability of pro-
grams after applying computational steps on their rules. Inspired by our
previous experiences in fuzzy logic languages not dealing with similarity
relations, in this work we adapt such operation to the so-called FASILL
language (acronym of “Fuzzy Aggregators and Similarity Into a Logic
Language”) which has been recently designed and implemented in our
research group for coping with implicit/explicit truth degree annotations,
a great variety of connectives and unification by similarity.
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1 Introduction

The challenging research area of Fuzzy Logic Programming is devoted to intro-
duce fuzzy logic concepts into logic programming in order to explicitly deal with
vagueness and uncertainty in a natural way. It has provided an extensive vari-
ety of Prolog dialects along the last three decades. Fuzzy logic languages can be
classified (among other criteria) according to the emphasis they assign to fuzzi-
fying the original unification/resolution mechanisms of Prolog. Whereas some
approaches are able to cope with similarity/proximity relations at unification
time [9, 5], other ones extend their operational principles (maintaining syntactic
unification) for managing a wide variety of fuzzy connectives and truth degrees
on rules/goals beyond the simpler case of true or false [6, 7]. As in many other
fuzzy languages, in this paper we use the lattice of real numbers ([0, 1],≤) for
modeling truth degrees and, in particular, we also assume the presence of fuzzy
connectives such as the arithmetical average whose truth function is defined as
@aver(x, y) = x+y

2 , and the unary connective @very(x) = x2, as well as the clas-
sical Gödel’s conjunction defined as x ∧ y = min(x, y). Our unifying approach,
where lattices of truth degrees cohabit with similarity relations, is represented
by the design of the FASILL language [3, 4], for which we have developed the
FLOPER system that has been used for coding real-word applications (see [1])
and can be also executed on-line via http://dectau.uclm.es/floper/?q=sim.
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Definition 1 (Similarity relation). Given a domain U and a lattice L with
a fixed t-norm ∧ (usually the Gödel’s conjunction), a similarity relation R is a
fuzzy binary relation on U , that is, a fuzzy subset on U ×U (namely, a mapping
R : U × U → L), fulfilling the reflexive, symmetric and transitive (that is,
R(x, z) ≥ R(x, y) ∧R(y, z),∀x, y, z ∈ U) properties.

Definition 2 (Rule and Program). A rule has the form A ← B, where A
is an atomic formula called head and B, called body, is a well-formed formula
(ultimately built from atomic formulas B1, . . . , Bn, truth values of L and con-
nectives). A FASILL program (or simply program) is a tuple 〈Π,R, L〉 where Π
is a set of rules, R is a similarity relation between the elements of the signature
Σ of Π, and L is a complete lattice.

Example 1. In this paper we will deal with the following program P = 〈Π,R, L〉
based on lattice L = ([0, 1],≤) and the set of rules Π, and similarity relation R
(expressed as a matrix on U = {vanguardist, elegant,metro, taxi, bus}) below:

Π =


R1 : vanguardist(hydropolis) ← 0.9

R2 : elegant(ritz) ← 0.8

R3 : close(hydropolis, taxi) ← 0.7

R4 : good hotel(x) ← @aver(elegant(x),@very(close(x,metro)))

R vanguardist elegant metro taxi bus

vanguardist 1 0.6 0 0 0

elegant 0.6 1 0 0 0

metro 0 0 1 0.4 0.5

taxi 0 0 0.4 1 0.4

bus 0 0 0.5 0.4 1

It is easy to check that
R fulfills the reflexive,
symmetric and transitive
properties. Particularly, we
have that: R(taxi,metro) ≥
R(metro, bus) ∧ R(bus, taxi)
= min(0.5, 0.4) = 0.4.

Furthermore, the natural extension of R from symbols to terms, denoted
as R̂, determines that elegant(taxi) and vanguardist(metro) are similar terms,
since: R̂(elegant(taxi), vanguardist(metro)) = R(elegant, vanguardist)∧
R̂(taxi,metro) = 0.6 ∧R(taxi,metro) = 0.6 ∧ 0.4 = min(0.6, 0.4) = 0.4.

Instead of syntactic unification, and similarly to other fuzzy languages, FASILL
uses weak unification for coping with similarity relations [9, 5]. In essence, the
weak most general unifier of two terms t and s, say wmgu(t, s) = 〈σ, r〉, is the sim-
plest substitution σ together with value r ∈ L verifying r = R̂(tσ, sσ). So, w.r.t.
the previous example we have that wmgu(elegant(taxi), vanguardist(metro)) =
〈id, 0.4〉, being id the empty substitution, whereas wmgu(vanguardist(x),
elegant(taxi)) = 〈{x/taxi}, 0.6〉.

In order to describe the procedural semantics of the FASILL language, in the
following we denote by C[A] a formula where A is a sub-expression (usually an
atom) which occurs in the –possibly empty– context C[] whereas C[A/A′] means
the replacement of A by A′ in the context C[]. Moreover, Var(s) denotes the set
of distinct variables occurring in the syntactic object s and θ[Var(s)] refers to
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the substitution obtained from θ by restricting its domain to Var(s). In the next
definition, we always consider that A is the selected atom in a goal Q and L is
the complete lattice associated to Π.

Definition 3 (Computational Step). Let Q be a goal and let σ be a substi-
tution. The pair 〈Q;σ〉 is a state. Given a program 〈Π,R, L〉 and a t-norm ∧
in L, a computation is formalized as a state transition system, whose transition
relation  is the smallest relation satisfying these rules:

1) Successful step (denoted as
SS
 ):

〈Q[A], σ〉 A′ ← B ∈ Π wmgu(A,A′) = 〈θ, r〉
〈Q[A/B ∧ r]θ, σθ〉

SS

2) Failure step (denoted as
FS
 ):

〈Q[A], σ〉 @A′ ← B ∈ Π : wmgu(A,A′) = 〈θ, r〉, r > ⊥
〈Q[A/⊥], σ〉

FS

3) Interpretive step (denoted as
IS
 ):

〈Q[@(r1, . . . , rn)];σ〉 @̇(r1, . . . , rn) = rn+1

〈Q[@(r1, . . . , rn)/rn+1];σ〉
IS

A derivation is a sequence of arbitrary length 〈Q; id〉  ∗〈Q′;σ〉. As usual, rules
are renamed apart. When Q′ = r ∈ L, the state 〈r;σ〉 is called a fuzzy computed
answer (f.c.a.) for that derivation.

Example 2. Let P = 〈Π,R, L〉 be the program from Example 1. It is possible to
perform this derivation with fuzzy computed answer 〈0, 4, {x/ritz}〉 for P and
goal Q = good hotel(x):

D1 : 〈good hotel(x), id〉 SS
 

R4

〈@aver(elegant(x),@very(close(x,metro))), {x1/x}〉
SS
 

R2

〈@aver(0.8,@very(close(ritz,metro))), {x1/ritz, x/ritz}〉
FS
 

〈@aver(0.8,@very(0)), {x1/ritz, x/ritz}〉
IS
 

〈@aver(0.8, 0), {x1/ritz, x/ritz}〉
IS
 

〈0.4, {x1/ritz, x/ritz}〉

Apart from this derivation, there exists a second one ending with the alternative
f.c.a. 〈0.38, {x/hydropolis}〉 associated to the same goal.

As we will see in the following section, the application of computational steps
according Definition 3 on the body of FASILL program rules, is the basis of our
similarity-based unfolding transformation.
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2 Unfolding FASILL programs

Unfolding is a well-known, widely used, semantics-preserving program transfor-
mation rule which is able to improve programs, generating more efficient code.
The unfolding transformation traditionally considered in pure logic program-
ming consists in the replacement of a program clause C by the set of clauses
obtained after applying a symbolic computation step in all its possible forms
on the body of C [10, 8]. Although in [2] we successfully adapted such opera-
tion to fuzzy logic programs dealing with lattices of truth degrees, there are not
precedents coping with similarity relations, which motivates the present work.

Definition 4 (Similarity-based Unfolding). Let P = 〈Π,R, L〉 be a FASILL
program and let R : A ← B ∈ Π be a program rule with no empty body.
Then, the similarity-based unfolding of rule R in program P is the new program
P ′ = (P − {R}) ∪ U where U = {Aσ ← B′ | 〈B; id〉  〈B′;σ〉}.
From now on we consider that the selection function (also called “computation

rule”) used when applying computational steps on a given goal, only applies
IS
 

steps (always from left to right) whenever there are no atoms to exploit (again

from left to right) with
SS
 and/or

FS
 steps.

Example 3. Let us built a transformation sequence where each FASILL program
in the sequence is obtained from the immediately preceding one by applying fuzzy
unfolding, except the initial one P0, which in our case is the one illustrated in
Example 1, that is:

R1 : vanguardist(hydropolis)← 0.9
R2 : elegant(ritz) ← 0.8
R3 : close(hydropolis, taxi) ← 0.7
R4 : good hotel(x) ← @aver(elegant(x),@very(close(x,metro)))

Program P1 is obtained after unfolding rule R4 (with selected atom elegant(x))

by applying a
SS
 step with rules R1 and R2:

R1 : vanguardist(hydropolis)← 0.9
R2 : elegant(ritz) ← 0.8
R3 : close(hydropolis, taxi) ← 0.7
R4−1 : good hotel(hydropolis) ← @aver(0.9 ∧ 0.6,

@very(close(hydropolis,metro)))
R4−2 : good hotel(ritz) ← @aver(0.8 ∧ 1,

@very(close(ritz,metro)))
After unfolding rule R4−1 (with selected atom close(hydropolis,metro)) by ap-

plying a
SS
 step with rule R3, we obtain program P2:

R1 : vanguardist(hydropolis)← 0.9
R2 : elegant(ritz) ← 0.8
R3 : close(hydropolis, taxi) ← 0.7
R4−1−3 : good hotel(hydropolis) ← @aver(0.9 ∧ 0.6,

@very(0.7 ∧ 0.4))
R4−2 : good hotel(ritz) ← @aver(0.8 ∧ 1,

@very(close(ritz,metro)))
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Program P3 is obtained by unfolding rule R4−1−3 (with selected expression

0.9 ∧ 0.6) after applying a
IS
 step:

R1 : vanguardist(hydropolis)← 0.9
R2 : elegant(ritz) ← 0.8
R3 : close(hydropolis, taxi) ← 0.7
R4−1−3I : good hotel(hydropolis) ← @aver(0.6,@very(0.7 ∧ 0.4))
R4−2 : good hotel(ritz) ← @aver(0.8 ∧ 1,

@very(close(ritz,metro)))

When unfolding rule R4−1−3I (with selected expression 0.7 ∧ 0.4) by applying

a
IS
 step we reach program P4:

R1 : vanguardist(hydropolis)← 0.9
R2 : elegant(ritz) ← 0.8
R3 : close(hydropolis, taxi) ← 0.7
R4−1−3II : good hotel(hydropolis) ← @aver(0.6,@very(0.4))
R4−2 : good hotel(ritz) ← @aver(0.8 ∧ 1,

@very(close(ritz,metro)))

Program P5 is obtained by unfolding rule R4−1−3II (with selected expression

@very(0.4)) after applying a
IS
 step:

R1 : vanguardist(hydropolis)← 0.9
R2 : elegant(ritz) ← 0.8
R3 : close(hydropolis, taxi) ← 0.7
R4−1−3III : good hotel(hydropolis) ← @aver(0.6, 0.16)
R4−2 : good hotel(ritz) ← @aver(0.8 ∧ 1,

@very(close(ritz,metro)))

Now, by unfolding rule R4−1−3III (with selected expression @aver(0.6, 0.16))

after applying a
IS
 step, we obtain program P6:

R1 : vanguardist(hydropolis)← 0.9
R2 : elegant(ritz) ← 0.8
R3 : close(hydropolis, taxi) ← 0.7
R4−1−3IIII : good hotel(hydropolis) ← 0.38
R4−2 : good hotel(ritz) ← @aver(0.8 ∧ 1,

@very(close(ritz,metro)))

Next, after unfolding rule R4−2 (with selected atom close(ritz,metro)) by ap-

plying a
FS
 step, we reach program P7:

R1 : vanguardist(hydropolis)← 0.9
R2 : elegant(ritz) ← 0.8
R3 : close(hydropolis, taxi) ← 0.7
R4−1−3IIII : good hotel(hydropolis) ← 0.38
R4−2F : good hotel(ritz) ← @aver(0.8 ∧ 1,@very(0))

Finally, after 3 unfolding (based on
IS
 ) steps on rule R4−2F , we reach the final

program P10:
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R1 : vanguardist(hydropolis)← 0.9
R2 : elegant(ritz) ← 0.8
R3 : close(hydropolis, taxi) ← 0.7
R4−1−3IIII : good hotel(hydropolis) ← 0.38
R4−2FIII : good hotel(ritz) ← 0.4

In the previous example it is easy to see that each program in the sequence pro-
duces the same set of f.c.a.’s for a given goal but reducing the length of deriva-
tions. For instance, the derivation performed w.r.t. the original program P0 illus-
trated in Example 2 can be emulated in the final program P10 with just one com-

putational step (instead of five) as: 〈good hotel(x), id〉 SS
 

R4−2FIII

〈0.4, {x/ritz}〉.
However, we have found out that some constraints must be imposed when un-
folding FASILL programs since the transformation is not safe in general, as we
are going to illustrate in the following couple of examples.

Example 4. Consider that the similarity degree between the predicate symbols
q and r is R(q, r) = 0.8 in the following original and unfolded programs:

P =

{
R1 : p(x)← @aver(q(x), 1)
R2 : r(a) ← 0.6

P ′ =

{
R1−2 : p(a)← @aver(0.6 ∧ 0.8, 1)
R2 : r(a) ← 0.6

And now observe that the following derivations developed with each program re-
turn different f.c.a.’s for the same goal, thus indicating that, in general, unfolding

does not preserve those f.c.a.’s produced on derivations using
FS
 steps.

D1 : 〈p(b); id〉 SS
 

R1

〈@aver(q(b), 1); {x1/b}〉
FS
 

〈@aver(0, 1); {x1/b}〉
IS
 

〈0.5; {x1/b}〉

D′1 : 〈p(b); id〉 FS
 

〈0; id〉

Example 5. In the following programs and derivations we consider now a simi-
larity relation establishing that R(a, b) = 0.4 and R(q, r) = 0.5:

P =

{
R1 : p(x)← @very(q(x))
R2 : r(b)

P ′ =

{
R1−2 : p(b)← @very(0.5)
R2 : r(b)

D2 : 〈p(a); id〉 SS
 

R1

〈@very(q(a)); {x1/a}〉
SS
 

R2

〈@very(0.4 ∧ 0.5); {x1/a}〉
IS
 

〈@very(0.4); {x1/a}〉
IS
 

〈0.16; {x1/a}〉

D′2 : 〈p(a); id〉 SS
 

R1−2

〈0.4 ∧ @very(0.5); id〉 IS
 

〈0.4 ∧ 0.25; id〉 IS
 

〈0.25; id〉

Which once again shows that the correctness of the unfolding transformation
does not hold because, in this particular case, we have that @very(0.4 ∧ 0.5) 6=
0.4 ∧ @very(0.5). We are nowadays trying to formalize a condition to be required
on any connective @ used on the body of unfolded rules which could look as
@(t1, ..., (ti ∧ ti+1), ..., tn) = ti ∧ @(t1, ..., ti+1, ..., tn), ∀ i, n ∈ N, i ≤ n, being
∧ the t-norm fixed in Definitions 1 and 3 for propagating similarities.
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3 Conclusions and Future Work

FASILL is a fuzzy logic programming language with implicit/explicit truth degree
annotations, a great variety of connectives and unification by similarity. In [3, 4]
we have recently provided the syntax, operational/declarative semantics, and im-
plementation issues of this language which properly manages similarity and truth
degrees in a single framework. In this work we have focused on a preliminary
formulation of an unfolding transformation for optimizing FASILL programs. We
have pointed out that, in contrast with other precedent languages, the treatment
of similarities introduces several risks for preserving the correctness of the trans-
formation, for which we are nowadays identifying a set of sufficient conditions
allowing us to prove its soundness and completeness properties.
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